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 We all have experienced the discomfort of waiting in a queue. Unfortunately, this 

phenomenon is becoming increasingly common in urban societies with increasing 

population. Capacity planning and service analyses rely on the theory of queues which 

is a mathematical method to analyze the waiting time. The queuing analysis is often 
aimed at minimizing the costs. One of the problems of ATM machines is the long 

queue in front of these machines which results in customer dissatisfaction. Therefore, 

banks should attempt to solve this huge problem, so that they could prevent distrust to 
electronic banking and its tools including ATMs. So, nonlinear queuing model was 

suggested by Passandideh and Niaki (2010) with two objectives of minimizing 

customer waiting time and percentage of idle time for ATM. In the present research, 
alinear approximation of this model is investigated to obtain a simpler and more 

accurate solution. This linear model has been examined with 13 numerical examples, 

solved by GAMS software. It was found that the process time is far less than the 
previous non-linear model. Based on this model and using these examples a goal 

programming model was introduced. Solving this linear model (by software GAMS) 

resulted in more optimized solutions than the previous linear model which showed 
improvements compared to Passandideh-Niaki model. Then, some numerical examples 

were solved by Arena13 for ATM queue system in different modes (one server, two 

servers and three servers). The results demonstrated that banks and financial institutions 
should reduce the average serving time, in addition to increasing the number of 

ATMs(servers). 
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INTRODUCTION 

 

Facility layout and location problems have been the subject of analysis since the seventeenth century 

(Francis et al. 1992). Even though these problems have received considerable attention over the years, it was not 

until the emergence of the interest in operations research and management science that the subject received 

renewed attention in a number of disciplines. Currently, there exists a strong interdisciplinary interest in facility 

layout and location problems. Mathematicians, operation researchers, architects, computer scientists, 

economists, engineers from several disciplines, management scientists, technical geographer, transportation 

system designers, regional scientists, and urban planners have discovered a commonality of interest in a concern 

for the layout and location of the facilities. Each brings different interpretations and different solutions to the 

problem. One of the objectives of the facility layout and location problem is to find the locations of the facilities 

in a system such that the sum of system operating costs is minimized. For example, Li et al. (1999) developed a 

dynamic programming model to find the location of web proxies with minimum cost. The stochastic queue 

median (SQM) of Berman et al. (1985) considers a mobile server such as an emergency response unit, in which 

in response to each demand call (e.g., patients), the available sever (e.g., ambulance) travels to the demand 

location to provide services. Another objective of the facility layout and location problem is to determine the 

minimum number of storage facilities among a discrete set of location sites such that the probability of each 

customer being covered is not less than a critical value. The literature within the subject of emergency services 

also includes many works that extend the probabilistic location set covering problem (PLSCP) (Revelle and 

Hogan 1989). For example, Marianov and Revelle (1994) developed the PLSCP, which models each geographic 

region as multi-server queuing system. The flow-capturing model introduced by Hodgson (1990) is another 
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closely related subject. Locating gas stations, convenience stores, and billboards are some applications of the 

flow-capturing model (Berman et al. 1995; Hodgson and Berman 1997), in which sometimes the server may be 

congested (Berman 1995). As an example, Shavandi and Mahlooji (2006) presented a fuzzy location-allocation 

model for congested systems. They utilized fuzzy theory to develop a queuing maximal covering location-

allocation model which they called the fuzzy queuing maximal covering location-allocation model. The facility 

location-allocation modeling of logistic networks is a very important decision-making method to determine the 

structure of logistic systems. Liu and Xu (2009) studied a facility location-allocation problem in the logistic 

environment of randomness and fuzziness and solved their random and fuzzy model by a genetic algorithm. 

Esnaf and Kucukdeniz (2009) presented a hybrid method of the gravity and fuzzy clustering-based for a multi-

facility location problem in which it was assumed that the capacity of each facility is unlimited. Wang et al. 

(2004), motivated by applications to locating servers in communication networks and automated teller 

machines, presented several models for the facilities location subject to congestion. These models were 

developed for situations in which immobile service facilities were congested by stochastic demand originating 

from nearby customer locations. They suggested using heuristic procedures to find good solutions for those 

models that were more challenging. Furthermore, Tarkeshx et al. (2009) presented a novel approach to the 

facility design problem based on multi-agent society. Each agent corresponds to a facility with inherent 

characteristics, emotions, and a certain amount of money, forming its utility function. They solved their model 

by a new method that is called parallel adaptive simulated annealing (PASA). This method utilizes both genetic 

algorithm and simulated annealing methods. Yalaoui et al. (2009) studied a combined group technology with a 

facility location problem. They developed a hybrid method based on genetic algorithm to solve the resulting 

model. The hybrid method consisted of a loop so that the number of cells is determined during the loop. Server 

allocation models have also been studied in the manufacturing area (Shanthikumar and Yao 1987). One of the 

problems in manufacturing environments is to optimally allocate a number of servers to the work centers such 

that the throughput of the queuing network is maximized. A variation of this problem is introduced by Green 

and Guha (1995). 

In locating the facilities, we take both the customer waiting time and facility (automatic teller machine) idle 

time percentage into account. An automatic teller machine is a communicating device which allows the 

customers of a financial institution to access financial interactions with no need to human force or bank 

employees. 

 

Problem definition and assumptions: 

Consider a facility location and server allocation problem in which the demand is stochastic and the servers 

are immobile with limited service capacity. In other words, there exists a service system in which the customers 

with uncertain demands travel to a facility with a permanent location to receive service. The automated teller 

machines (ATMs) and internet mirror sites are examples of the system under consideration. For these systems, 

the objective is to determine the optimal allocations of some business centers (customers) to the machines. The 

demand of each business center follows a Poisson process. Furthermore, the time of service in each ATM is 

assumed to follow an exponential distribution. In the assignment process of the business centers to ATMs, two 

objectives may exist; (1) minimizing the expected total time of the business center representatives that travel to 

the machines plus their waiting time at the ATM, and (2) the minimization of the ATM idle times. In fact, the 

objectives involve both the owner of the ATM system and the customers and that there is a trade-off between 

the customer’s and the owner’s goals. In order to model the problem, we make the following assumptions: 

1. The service request of each customer follows an independent Poisson stream. 

2. Each open facility has only one server with exponential service times. (Pasandideh-Niaki, 2010) 

 

The Main Query: 

How will developing Pasandideh-Niaki model using goal programming affect the results? Will the results 

obtained by developed Pasandideh-Niaki model using goal programming for reducing costumers’ average 

waiting time (ATMs) and also for reducing machine’s idle time be different from those of Pasandideh-Niaki 

model? 

 

The Method: 

The present research work is a fundamental research, because it introduces a new model considering the 

theory of queues and relations between variables. Also, it can be classified as an applied research since its 

outcomes will be used by banks and institutions’ managers for solving problems related to locating ATMs. And 

finally, since this study introduces a developed model, it’s a developing research too. 

 

Problem modeling: 

The parameters and the variables of the model are: 

m: Number of customer nodes. 
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n: Number of potential facility node 

ti j : The travelling time from customer i to facility 

node j, i = 1, . . ., m and j = 1, . . ., n. 

T = [ti j] : The travelling time matrix. 

λi : Demand rate of service requests from customer 

node i, i = 1, . . ., m. 

μ: The common service rate of each server. 

Yj : Demand rate at open facility j, j = 1, . . ., n. 

wj : Expected waiting time of customers assigned to 

facility node j, j = 1, . . ., n. 

π0 j : The probability of the server being idle at open 

Facility (idle probability) j, j = 1, . . ., n. 

z1 : Sum of traveling and waiting time. 

z2 : Average idle probabilities for all facilities. 

 

 
 

 
 

Then, the aggregate travelling time of the customers per unit time (T1) is obtained by: 

 
Since an open facility behaves like an M/M/1 queue (Gross and Harris 1998), the expected waiting time at 

an open facility site j is      where   . Hence, the average waiting time of customers per 

unit time (T2) is: 

 
Thus, the first objective is the sum of traveling and waiting time (z1 = T1 + T2) that must be minimized. 

According to the characteristics of an M/M/1 queue, the idle probability at open facility j is    . 

Hence, we need to minimize z2 as the average of π0 j s for all j. This will be the second objective of the model. In 

short, the mathematical programming model of the problem at hand becomes: 

 

 

 
s.t: 
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The first constraint of model (3) sets an upper limit for the maximum number of open facilities. The second 

and the third constraints ensure that each customer demand is satisfied by only one open facility. The fourth 

constraint guarantees the input to each server to be less than its capacity. Finally, the fifth constraint is the input 

of each server (Pasandideh-Niaki, 2010). 

So, there are two objectives in the model described above and it needs interpretations with optimizing 

multiple objective decision making. On the other hand, this model is Linear-Fractional Programming (LFP). To 

transform a nonlinear model to a linear one, we can use the features of fractional models. 

Linear-Fractional Programming 

Linear-fractional programming model is a model which objective function is composed of a division of two 

first order equations with linear restrictions. Therefore, the model discussed here is a fractional programming 

model. (Mehregan, Data Envelopment Analysis, 2008). In other words, the objective function in programming is 

a ratio of two linear (non-linear) functions as: 

   

 
  

If N(x) and Q(x) are linear, this would result in a linear-fractional programming and its optimum point 

would be on one of the limit points of the practical space of the problem. (Asghari, 2001) 

Transforming this model to linear programming needs two times of changing variables as follows: 

 

Transformation: 

In this method, the fraction is maximized by replacing its denominator by 1, so that a new model is 

achieved. This model is called a multiple model and shares some variables and parameters with the last model, 

but it is a totally different new model. For example, look at this: 

 

  

 

 

In the equation above if we assume that   

 

 

 
     

So, this is a fully linear model and can be solved by linear methods. 

The advantage of this transformaion is finding linear functions for optimization which results in higher 

accuracy compared to non-linear methods. 

 Changing Variables of the Problem 

Changing the variables in objective function (z) gives: 

  

The objective function is composed of two parts and  is the average time for clients entering the system 

and tij is the traveling time of customer i to node j, so, for the second part, we would have: 

 

 

 

http://www.google.com/url?sa=t&rct=j&q=lfp%20programming&source=web&cd=2&ved=0CCQQFjAB&url=http%3A%2F%2Fen.wikipedia.org%2Fwiki%2FLinear-fractional_programming&ei=sl-hToGLG8uFhQfel8nJBA&usg=AFQjCNEyhhk_jsMjQm3Dh34mqYDA1kk8ug&cad=rja
http://www.google.com/url?sa=t&rct=j&q=lfp%20programming&source=web&cd=2&ved=0CCQQFjAB&url=http%3A%2F%2Fen.wikipedia.org%2Fwiki%2FLinear-fractional_programming&ei=sl-hToGLG8uFhQfel8nJBA&usg=AFQjCNEyhhk_jsMjQm3Dh34mqYDA1kk8ug&cad=rja
http://www.google.com/url?sa=t&rct=j&q=lfp%20programming&source=web&cd=2&ved=0CCQQFjAB&url=http%3A%2F%2Fen.wikipedia.org%2Fwiki%2FLinear-fractional_programming&ei=sl-hToGLG8uFhQfel8nJBA&usg=AFQjCNEyhhk_jsMjQm3Dh34mqYDA1kk8ug&cad=rja
http://www.google.com/url?sa=t&rct=j&q=lfp%20programming&source=web&cd=2&ved=0CCQQFjAB&url=http%3A%2F%2Fen.wikipedia.org%2Fwiki%2FLinear-fractional_programming&ei=sl-hToGLG8uFhQfel8nJBA&usg=AFQjCNEyhhk_jsMjQm3Dh34mqYDA1kk8ug&cad=rja
http://www.google.com/url?sa=t&rct=j&q=lfp%20programming&source=web&cd=2&ved=0CCQQFjAB&url=http%3A%2F%2Fen.wikipedia.org%2Fwiki%2FLinear-fractional_programming&ei=sl-hToGLG8uFhQfel8nJBA&usg=AFQjCNEyhhk_jsMjQm3Dh34mqYDA1kk8ug&cad=rja
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For the equation above, based on geometric progression in series we have: 

 
So, the first objective function would be 

 

 

 
To find the second objective function, we have: 

  

Based on the first, secon and third restriction of the problem: 

 
In the eqquation above, t0 is a constant value, the equation can be rewritten as: 

 

  

 

 
So, based on the mathematical equations described above and considering the fact that the equations are 

zero and one, the second objective function becomes: 

  

The following conditions should be noted: 

1. This process on the objective functions transforms the model to a linear equation. 

2. As mentioned before, in this way the equation transforms from non-linear to linear mode, and  

therefore results in an exact soloution rather than an approximate.  

 

So, the main model for the problem becomes: 

 

 
s.t: 
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And it can be seen that the model has transferred to a linear equation. 

 

Examples of Solving Linear Models: 

After linearization, some numerical examples will be solved using GAMS software which is the first 

software in operational research for solving linear and non-linear problems. The results for 13 models are 

presented in table 1: 

 
Table 1: Solving linear equation for different numerical values 

time for solution(s)    K µ n m model 

4.290 1.8 1.4 1,2 2 5 4 3 1 

2.265 2.45 4.35 1,2,...,8 8 20 20 14 2 

2.462 3.8 14.2941 1,2,...,5 5 17 20 30 3 

2.585 1.6333 10.2 1,2,...,12 12 35 20 30 4 

2.230 1.4714 9.2857 1,2,...,20 20 35 30 40 5 
7.987 2.2914 9.3429 1,2,...,15 15 35 35 45 6 

2.464 5.6484 16.1346 1,2,...,7 7 52 40 50 7 

2.621 7.4250 26.1 1,2,...,6 6 60 45 55 8 

2.669 9.0976 23.08857 1,2,...,6 6 70 55 60 9 

2.496 6.8104 21.1333 1,2,...,8 8 60 55 65 10 

2.277 8.0750 48.0667 1,2,...,8 8 120 65 100 11 
3.292 4.3009 32.1 1,2,...,15 15 150 65 150 12 

6.303 16.5856 136.0467 1,2,...,7 7 150 100 150 13 

Note: 

1. There are different values of t0, so the minimum Z1 and Z2 can not be determined exactly. So, a 

minimum of their summation (Min (Z1+ Z2) would be taken into account. This is true for 8
th

, 10
th

 and 13
th

 

model. 

2.  The input data has been entered to GAMS software as an `Excel file. 

 

Goal Programming: 

Goal programming, a method for multi-objective decision making, has been presented by Charnes and 

Cooper in 60s and developed by Ignizo and Lee. Goal programming is the first technique for multi-objective 

function which has been exclusively accepted in industry and services. (Mehregan, 2007) 

 

Goal Programming Modeling: 

Like other problems, goal programming modeling can be formulated in different forms of linear, non-linear 

or integers. 

If the management wants to achieve the goal and not less than that, variable  is ommited in 

corresponding restriction and  comes in the objective function. And if the management wants to achieve 

the goal and not more than that,  is ommited in corresponding restriction and  comes in the objective 

function. The latter  is the case for the present research and therefore, the objective function and goal restriction 

are: 

Goal restriction:   

 

Objective function:   

  

Therefore, in this model the possibility of not achieving the goal is minimized while exeeding the goal is 

not allowed. (Minimum , while  ). 

In the last section, approximate optimized values of were found using the linearized model. Since 

these values are approximate, so they should be made exact. One method is goal programming and let them 

( ) change in a certain range using goal programming and in that range, meeting the constraints be more 

acceptable. The goal is minimizing  and in the last section we found .  and  

because: 

1. Find less values of , so that a better minimum is found. 

2. This model is aimedat minimizing the objective functions. 

 



19                                                       Mohsen Mohammadloo and Alireza Pooya, 2015 

Advances in Natural and Applied Sciences, 9(3) March 2015, Pages: 13-22 

 

Base on these explanations, the restriction and objective function are: 

Objective function :   

First goal:   

Second goal:  

So, the goal model would be: 

 
s.t: 

 

 

 

 

 
   

 

 

 

 

 
  

 
Solving the goal model for 13 models presented in  the last example 

After programming and modeling the equation above with GAMS, the responses are: 

 
Table 2: A summary of calculations for goal programming  

Result       model 

further opitmized response  1.8 1 0 .4000 1.8 1.4 1 

further opitmized response 2.45 4 0 .3500 2.45 4.35 2 
unchanged response 3.8 14.2941 0 0 3.8 14.2941 3 

unchanged response 1.6333 10.2 0 0 1.6333 10.2 4 

unchanged response 1.4714 9.2857 0 0 1.4714 9.2857 5 

unchanged response 2.2914 9.3429 0 0 2.2914 9.3429 6 

further opitmized response 5.6484 16 0 .1346 5.6484 16.1346 7 

further opitmized response 7.4250 26 0 .1000 7.4250 26.1 8 
unchanged response 9.0976 23.0857 0 0 9.0976 23.0857 9 

further opitmized response 6.8104 21.1313 0 0 6.8104 21.1313 10 

further opitmized response 8.0750 48 0 .0667 8.0750 48.0667 11 

further opitmized response 4.3009 32 0 .1000 4.3009 32.1 12 

further opitmized response 16.5856 135.9997 0 .0470 16.5856 136.0467 13 

 

Simulating Queuing System in ATMs in Certain Applied States for Banks: 

To design a proper model for queuing system in ATMs, we should simulate queuing system to make this 

model applicable for bank managers and owners of financial institiutes. ARENA13 is the software chosen for 

this analysis. The systems were analyzed for different states of queuing sytem with ARENA13 and the results 

have been presented in Table3. It should be noted that this analysis has been performed for systems including 

one ATM (one server), two ATMs (two servers), three ATMs (three servers), in one day and 30 days 

respectively. A summery of computations has been presented in Table3. 
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Fig. 1: Simulated system for one ATM by Arena 13 

 

 
 

Fig. 2: Simulated system for two ATM by Arena 13 

 

 
 

Fig. 3: Simulated system for Three  ATM by Arena 13 

 
Table 3: Results of analyzing queuing system with ARENA 13 

idle 

time 

% 

waiting 

time (min) 

queue length 

(person) 

No. of the customers 

exiting the system 

serving 

average 

( µ )  

No. of the customers 

entering the system  (λ )  

day

s 

queue 

type 

stat

e 

1 1.36 26.41 459 3 3 1 M/M/1 1 

≥ 1 .97 18.53 14373 3 3 30 M/M/1 2 

4 . 53 5.06 467 3 3 1 M/M/2 3 

.57 5.76 

3 1.67 16.50 14292 3 3 30 M/M/2 4 
 1.61 15.37 

≥ 1 .01 .13 486 1.5 3 1 M/M/2 5 

 .01 .13 

> 1 0 0 14336 1.5 3 30 M/M/2 6 

 0 0 
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1 1.37 10.26 459 3 3 1 M/M/3 

 

7 

 

 
1.32 8.11 

1.4 8.09 

≥ 1 .96 6.14 14373 3 3 30 M/M/3 
 

8 
 

 
.96 6.05 

.98 6.34 

> 1 0 .03 481 1 3 1 M/M/3 

 

9 

 
 

0 .03 

.01 .03 

> 1 0 0 14430 1 3 30 M/M/3 
 

11 
 

 
0 0 

0 0 

 

Conclusion: 

It can be easily inferred from Table4 that the time needed for solving linear models with GAMS is much 

less than the models solved with Lingo and Genetics softwares (less than one minute in all models). 

 
Table 4: comparing linear and non-linear solutions 

time needed for solving linear models (second) time needed for solving non-linear models (min) Model 

Lingo Genetics 

4.290 0 0 1 

2.265 1.80 .4 2 

2.462 3.13 .53 3 

2.585 10.3 .74 4 

2.230 31.3 1.21 5 

7.987 41.2 1.75 6 

2.464 54.5 2.52 7 

2.621 63.5 2.75 8 

2.669 72.1 3.02 9 

2.496 95.6 3.41 10 

2.277 515 5.12 11 

3.292 - 40.06 12 

6.303 not performed not performed 13 

 

Table3 shows the modeling for queuing systems including one ATM (one server), two ATMs (two servers), 

three ATMs (three servers), for different average numbers of entering the system and serving time. Some times 

for reducing waiting time and queue length, we have to increase the number of servers without decreasing the 

serving time (µ).  But the results show that the reduction in waiting time and queue length is incosiderable and it 

is not reasonable to bear high expenses of buying new ATMs. In other words, with a constant serving time, 

adding new server does not make a considerable reduction. For example, comparing first and seventh states, 

which are simulated for one day, we can observe that there is an equal serving time: 3 people, every minute. In 

the first state, the average waiting time for customers is 1.36 minutes while in the seventh state (with 3 servers), 

waiting time for ATM1, ATM2 and ATM3 are 1.37, 1.32 and 1.4 minutes respectively. Also, the average queue 

length for first state is 26.41 people, while it is 10.26, 8.11 and 8.09 people (a total of 26.46 people) for ATMs 1 

to 3 respectively. it can be seen that adding servers (at constant serving time) causes no considerable change in 

average waiting time, queue length and number of people in the queue and therefore, as far as the customers or 

owners of financial institutions are concerned, they are not minimized. 

Now, consider the first and ninth states: in the ninth state, the managers of financial institues decreased the 

serving time for each customer from 3 to 1  minute. Also, the waiting time for customers was 0 for the first and 

second ATMs and 0.03 seconds (nearly 0) for the third ATM. So, in this state in addition to increasing the 

number of severs, the serving time has been decreased which has reduced the idle time for ATMs (increasing 

productivity), average waiting time and queue length. The same comparison can be made for the first state with 

the second, third and eighth states. 

Generally, it can be concluded that banks can minimize average waiting time and queue length with 

increasing the number of servers. For example, they can use multi ATM kiosks (with analzing queuing system). 

But as demonstrated by simulations in the examples above, it should be accompanied by reducing average 

serving time. Other wise, it can not make a considerable reduction in average waiting time and queue length and 

buying new ATMs only enhaces the expanses and makes the system inefficient for managers. 

After solving the linearized model in section 5, goal programming was applied to obtain better results 

compared to linearized model. A summary of these calculations has been presented in Table2. Analyzing this 

table can answer the main query of this reseach. The non-linear Pasandideh-Niaki model is less accurate than 

the linear model (because it is solved non-linearly) and also, it has a longer process time compared to the 

method presented in the present research work. On the other hand, the solutions after goal programming in the 

present model are more optimized or at least not worse due to features of goal programming. Therefore, it can 
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be concluded that the solutions of goal programming are more optimized than non-linear Pasandideh-Niaki 

model and also, less time is needed for processing and solving the method. 

 

Sugesstions: 

1) Sugesstions for Further Studies: 

It is suggested that models should be developed to find approximate solution with acceptable accuracy 

without linear approximation, so that there would be no need to linearization and approximation of the model. 

 

2) Sugesstions for Banks and Financial Institutions: 

The results of simulation with Arena Software showed that the main problem in banks and financial 

institutions  is the sudden increase of waiting time and queue length in special occasions like end of the year or 

the beginning or end of the month (due to salary payments in different companies and organizations). Also, 

developments and new technologies help the managers to strengthen infra-structures of electonic banking. 

Hence, the managers should minimize the waiting time, queue length and idle time for ATMs which will 

increase productivity of the system, too. Increasing the number of servers as in multi-ATM kiosks is one of the 

methods for minizing. 

The simulation results showed that increasing the number of servers should be accompanied by decreasing 

serving time, so that it could help minimizing effectively. To decrease the serving time, banks and financial 

institutions  can use operating systems with higher speed of processing or increase the speed of their satellite 

systems or atleast make essential repairments to minimize the communication problems like disconnections in 

satellite systems. 
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